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Abstract A wave function can be written in the form of ψ = ReiS/h¯. We
put this form of wave function into quantum mechanics equations and take
hydrodynamic limit, i. e., let Planck constant be zero. Then equations of mo-
tion (EOM) describing the movement of macroscopic bodies are retrieved.
From Schro¨dinger equation, we obtain Newtonian mechanics, including New-
tons three laws of motion; from decouple Klein-Gordon equation with positive
kinetic energy (PKE), we obtain EOM of special relativity in classical me-
chanics. These are for PKE systems. From negative kinetic energy (NKE)
Schro¨dinger equation and decoupled Klein-Gordon equation, the EOM de-
scribing low momentum and relativistic motions of macroscopic dark bodies
are derived. These are NKE systems, i. e., dark systems. In all cases scalar and
vector potentials are also taken into account. The formalism obtained is col-
lectively called macromechanics. For an isolated system containing PKE and
NKE bodies, both total momentum and total kinetic energy are conserved. A
dark ideal gas produces a negative pressure, and its microscopic mechanism
is disclosed. Two-body problems, where at least one is of NKE, are investi-
gated for both macroscopic bodies and microscopic particles. A NKE proton
and a PKE electron can compose a stable PKE atom, and its spectral lines
have blue shifts compared to a hydrogen atom. The author suggests to seek
for these spectral lines in celestial spectra. This provides a way to seek for
dark particles in space. Elastic collisions between a body and a dark body are
researched.
Keywords hydrodynamic limit of quantum mechanics equations · Newton’s
laws of motion · dark matter · negative pressure · blue shift of hydrogen
spectral lines · two-body problems
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1 Introduction
It is well known that the movement of macroscopic bodies follows classical me-
chanics, while that of microscopic particles follow quantum mechanics (QM).
Both have the equations of relativistic motion and their low momentum limits.
There are certainly relations between classical mechanics and QM. In his-
tory, classical physical quantities were replaced by operators to develop Schro¨dinger
equation and Klein-Gordon equation from classical mechanics. Usually, one
prefers to obtain quantum mechanics equations (QMEs) starting from classi-
cal mechanics by means of quantization [1].
Every macroscopic body is composed of microscopic particles, and for the
former, the effect of QM disappears. The disappearance of quantum effect
corresponds to letting Planck constant be zero h¯→ 0. Therefore, it is logically
correct that the QMEs are first principle, and the classical mechanics equations
should be the derivation of quantum ones under some approximations that
remove quantum effect. We are going to present this procedure in this paper.
Madelung [2] first expressed the wave function of Schro¨dinger equation in
the form of ReiS/h¯. This was called hydrodynamic model by Bohm [3,4,5,6,7,
8,9,10]. Using this model he tried to explain the implications of Schro¨dinger
equation. He also noticed that this model lead to an equation approaching
Hamilton-Jacobi equation in classical mechanics and he made an attemption
to obtain Newtons second law from this model. A term called “quantum po-
tential” by him always remained in his formulism.
We find that this model did set a right starting point of a route through
which we are able to obtain Newtonian mechanics, or Newtons three laws of
motion, from Schro¨dinger equation. The key point is to make the approxima-
tion h¯→ 0, to abandon the quantum potential. This approximation eliminates
quantum effect, and is called hydrodynamic approximation or hydrodynamic
limit. In the same way, the equations of motion of special relativity can be
derived from Klein-Gordon equation. In doing so, scalar and vector potentials
are also taken into account. Therefore, all the classical equations of motion
can indeed be derived from QMEs. These equations describe the movement of
particles or bodies with positive kinetic energy (PKE).
We [11] have pointed out that for relativistic quantum mechanics equations
(RQMEs), the negative kinetic energy (NKE) ought to be treated on an equal
footing as PKE. For Dirac equation, both the PKE and NKE solutions should
be considered when solving the motion of a particle. For Klein-Gordon equa-
tion, the PKE and NKE branches should be treated separately. For piecewise
constant potentials, decoupled Klein-Gordon equations were easily obtained.
By taking the low momentum approximation, PKE decoupled Klein-Gordon
equation leads to usual Schro¨dinger equation, and NKE decoupled one leads
NKE Schro¨dinger equation which was propose by the author. The Schro¨dinger
equation and NKE Schro¨dinger equation are generically called low momentum
QMEs, and they could also be derived from Dirac equation under low mo-
mentum approximation. The NKE Schro¨dinger equation and decoupled NKE
Klein-Gordon equation are collectively called NKE QMEs. The NKE solutions
Macromechanics and two-body problems 3
of Dirac equation and NKE QMEs were believed describing movement of dark
particles.
The NKE QMEs can also be taken their hydrodynamic limits with the same
procedure as mentioned above. The resultant equations are believed describing
the motion of macroscopic dark bodies.
Thus, hydrodynamic limits can be taken from QMEs to achieve equa-
tions describing macroscopic bodies, including PKE and NKE ones. Presently,
we name generically these equations as “macroscopic mechanics”, in short
“macromechanics”, which contains PKE one, the classical mechanics we are
familiar with, and NKE ones describing dark bodies.
Few macroscopic bodies can constitute a system with interactions between
them. The most obvious example is our solar system. A simplest system com-
prises two bodies. The treatment of two-body problem has been sophisticate
since it is equivalent to the following problem: a body with the total mass of
the two bodies moves freely the position of which is called mass center, and
a body with reduced mass moves as if it is acted by the interaction between
them but originated from the mass center. We point out that this treatment
is for the systems where both component bodies are of PKE.
Since in our universe, there are dark macroscopic bodies as well, we have to
investigate two-body problems concerning dark bodies either. The two bodies
can be both dark ones or one with PKE and the other with NKE. All the
possible cases are going to be investigated.
In the transition from QMEs to macromechanics, analytical mechanics is
an important means. Let us here first retrospect the fundamental formulism
of analytical mechanics.
If the action S, kinetic energy T and potential V of a system are known,
the relationship connecting these three quantities is Hamilton-Jacobi equation
[12]:
−
∂S
∂t
= T + V. (1.1)
The right hand side of Eq. (1.1) is also Hamiltonian [12] H ,
H = T + V. (1.2)
When the system is doing stationary movement, its Hamiltonian is a constant.
The value of this constant is just the total energy E of the system, H = E. In
this case, we have [12]
−
∂S
∂t
= E. (1.3)
In terms of the action S, classical momentum can be defined [12] by
p = ∇S. (1.4)
Both kinetic and potential energies are functions of coordinates r and momenta
p. One of Hamilton formulas is
v = r˙ =
∂H
∂p
. (1.5)
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Here a dot on the top of a quantity means taking its time derivative. The
Lagrangian can be gained from the Hamiltonian by means of Legendre trans-
formation [12],
L = p · r˙ −H. (1.6)
The Lagranian in turn is put into Euler-Lagrange equation [12]
d
dt
∂L
∂r˙
−
∂L
∂r
= 0 (1.7)
so as to achieve equations of motion of the system. The resultants are the
equations of macromechanics.
Our tasks are to derive Eq. (1.1) from QMEs under hydrodynamics limits
for all possible cases.
As long as macromechanics is established, we are able to study all the
possible cases of two-body problems.
Here we present the standard procedure achieving Eq. (1.1) from QMEs.
In most of cases, a QME can be written in the form of
ih¯
∂ψ
∂t
= Hψ, (1.8)
where H is the Hamiltonian of the system. The particle density probability is
defined as
ρ = ψ∗ψ. (1.9)
The density probability in this form is definitely nonnegative. From Eqs. (1.8)
and (1.9), we construct two equations
∂ρ
∂t
= ψ∗
∂ψ
∂t
+ ψ
∂ψ∗
∂t
=
1
ih¯
(ψ∗Hψ − ψH∗ψ∗) (1.10)
and
ih¯(ψ∗
∂ψ
∂t
− ψ
∂ψ∗
∂t
) = ψ∗Hψ + ψH∗ψ∗. (1.11)
It is apparent that they respectively take the imaginary ψ∗Hψ − ψH∗ψ∗ and
the real ψ∗Hψ + ψH∗ψ∗. In view of the left hand side of Eq. (1.10), this
equation ought to be continuity equation,
∂ρ
∂t
+∇ · j = 0. (1.12)
That is to say the right hand side of Eq. (1.10) can be written as the form of
−∇ · j, where the expression of current probability j depends on Hamiltonian
H . The way to take hydrodynamic limit is to let the wave function be the
form of
ψ = ReiS/h¯, (1.13)
where both R and S are real numbers. Plese note that these two quantuities
have specific physical meanings: the square of R is just the density probability
ρ = R2 (1.14)
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as can easily be seen from Eqs. (1.9) and (1.13). After Eq. (1.13) is put into
(1.11) and hydrodynamic limit is taken, Eq. (1.1) can be obtained, which is
the Hamilton-Jacobi equation in classical mechanics [13,14]. S is the action of
the system, the significance of which is clearly revealed by Eqs. (1.1)-(1.4).
2 The hydrodynamic limits of low momentum quantum mechanics
equations
2.1 Schro¨dinger equation
Schro¨dinger equation of a particle with PKE is
ih¯
∂ψ
∂t
= Hψ = (−
h¯2
2m
∇2 + V )ψ. (2.1)
When the wave function in the form of Eq. (1.13) is substituted into Eq. (2.1),
the real and imaginary parts devote the following formulas.
∂R2
∂t
= −
1
2m
∇ · (R2∇S) (2.2)
and
−
∂S
∂t
=
1
2m
(∇S)2 + V. (2.3)
Equaiton (2.2) is just continuity equation (1.12), because the density proba-
bility is Eq. (1.14) and the current probability is
j = −
ih¯
2m
(ψ∗∇ψ − ψ∇ψ∗) =
R2∇S
m
. (2.4)
Let us inspect Eq. (2.3) where a term − h¯
2
2m
∇2R
R has been dropped. This
term was called quantum potential by Bohm, because it contained a factor
of Planck constant h¯ which embodies quantum mechanics effect. When one
wants to ignore the quantum effect he lets h¯ → 0 so as to discard this term.
This manipulation is called hydrodynamic limit as has been mentioned in
introduction. The resultant equation reflects the nonrelativistic motion of a
body. Since now the quantities in Eq. (2.3) are irrelevant to quantum effect,
this equaton can describe the movement of macroscopic bodies. That is to say,
this equation can be treated by the theory of mechanics [12].
Now let us follow the procedure Eqs. (1.1)-(1.7). By use of Eq. (1.4), Eq.
(2.3) becomes
−
∂S
∂t
=
1
2m
p2 + V. (2.5)
The right hand side is just classical kinetic energy plus potential. By com-
parison to Eq. (1.1), Eq. (2.5), as well as (2.3), is the Hamilton-Jacobi equation
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of the system and kinetic energy is T = p2/2m. By use of Eq. (1.5), velocity
is calculated to be
v = p/m. (2.6)
From Eq. (1.6), Lagrangian is
L = p2/2m− V. (2.7)
It is just kinetic energy minus potential energy. By use of (2.6), the Lagrangian
is reexpressed by
L = mv2/2− V. (2.8)
This form can be used in Eq. (1.7) and the result is
d
dt
(mv) = −∇V. (2.9)
This is Newtons second law. If the mass is unchanged, Eq. (2.9) can be rewrit-
ten as
mv˙ = −∇V. (2.10)
This formula is usually stated as “force is the cause of acceleratio”. However,
the original equation should be (2.9) which, by means of (2.6), is rewritten as
p˙ = −∇V = f . (2.11)
This is the real Newtons second law: the force felt by a body equals to the
rate of change over time of the bodys momentum. This statement emphasizes
that the right hand side of Eq. (2.11) is the cause and the left hand side is the
consequence.
One can also explain Eq. (2.11) reversely: the left hand side can be a cause
and the right hand side is a consequence. Thus Eq. (2.11) has another physical
meaning: the rate of change of a bodys momentum equals its force exerting
on exterior. This meaning has been employed such as to derive the pressure
of an ideal gas by means of molecular kinetics.
Equation (2.11) has even one more meaning. If a body is not acted by
any force, then the right hand side is zero. We have p˙ = 0. In this case, the
momentum is a constant. That is the law of momentum conservation: if not
acted by a force, a bodys momentum is conserved.
When the mass is fixed, from Eqs. (2.10) and (2.11),
f · dr =
d(mv)
dt
· dr =
1
2
d(mv2) = dK. (2.12)
The work done by a force on a body converts to its kinetic energy. This is work-
energy theorem. When a body is not subject to a force, its kinetic energy is
conserved.
Let the potential at infinity be zero. It is possible for a body to do steady
motion only when its potential energy is negative. This is because the particles
kinetic energy is positive. A PKE plus a negative potential energy is possible
to make the total energy reach an equilibrium point to meet Virial theorem
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[11]. When a body is acted by a repulsive force, it will move to infinity. Hence,
only subject to an attractive force can a body do steady motion.
Let us now consider a two-particle system. The Hamiltonian is
H = −
h¯2
2m1
∇21 −
h¯2
2m2
∇22 + V (r1 − r2). (2.13)
The two-particle wave function is assumed to be the form of
ψ(r1, r2) = R(r1, r2)e
iS(r1,r2)/h¯. (2.14)
This wave function is substituted into (1.11), and we proceed the same routine
as above. Momenta and velocities of the two particles are respectively defined
by
pi = ∇S, i = 1, 2 (2.15)
and
r˙i = vi =
∂H
pi
=
pi
mi
, i = 1, 2. (2.16)
Lagrangian is achieved by transformation
L = r˙1 · p2 + r˙1 · p2 −H. (2.17)
The obtained equations of motion of the two bodies are
p˙1 = −∇1V (r1 − r2) = f (2.18a)
and
p˙2 = ∇2V (r1 − r2) = −f , (2.18b)
where a force f = −∇1V (r1 − r2) has been defined.
Equation (2.18) manifests Newtons third law: actions equals minus reac-
tions, or, the force the first body acts on to the second one is exactly the same
as that the second one acts on the first one, except in the opposite direction.
Now we define the total momentum of the two-body system to be the sum
of the constituent bodies.
p = p1 + p2. (2.19)
Then from Eq. (2.18) it is easily obtained that
p˙ = 0. (2.20)
This is the law of the momentum conservation of the system: if there is no
external force, the total momentum of the system is conserved.
The kinetic energies of the two bodies are
Ki =
1
2
miv
2
i , i = 1, 2. (2.21)
If their masses remain unchanged, by Eq. (2.12) we have
f · dri =
1
2
d(mv2i ) = dKi, i = 1, 2. (2.22)
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When there is no exterior force acting on the system, we have
dK = dK1 + dK2 = 0. (2.23)
This is the law of kinetic energy conservation of an isolated system.
For a system containing more particles, the same conclusion can be drawn.
Assume that there are N particles. The Hamiltonian of the system is
H = −
N∑
i=1
h¯2
2mi
∇2i +
N∑
i<j
Vijri − rj). (2.24)
The wave function now is of the form of
ψ(r1, · · · , rN ) = R(r1, · · · , rN )e
iS(r1,··· ,rN )/h¯. (2.25)
Then the relations between velocities and momenta are
vi = pi/mi, i = 1, 2, . . . , N. (2.26)
The equations of motion of the i-th and j-th particles are respectively
p˙i =
N∑
k=1,k 6=i
fik (2.27a)
and
p˙j =
N∑
k=1,k 6=i
fjk, (2.27b)
where we have defined
fij = −∇i
N∑
j( 6=i)
Vij(ri − rj) (2.28)
Apparently, the force acted by j-th particle on the i-th one is and that acted
by i-th particle on the j-th one is fji = −fij . This is Newton’s third law.
If we define a total momentum of the system, p =
∑N
i=1 pi, it is easily ob-
tained from Eq. (2.27) that p˙ = 0. This is the law of momentum conservation:
if there is no external force acting on a system, the total momentum of the
system does not change. It is easy to prove that the total kinetic energy of an
isolated system is conserved.
Hence we see that we have derived Newton’s second law (2.11) and third
law (2.18). Newton’s first law can be regarded as a special case of the second
law. It is concluded that from quantum mechanics equation, Newton’s three
laws of motion can be derived. The laws of momentum conservation and kinetic
energy conservation are also achieved.
In one word, by taking hydrodynamic limit of Schro¨dinger equation, we
are able to retrieve Newtonian mechanics.
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In the above, we put the wave function (1.13) into Schro¨dinger equation
(2.1) so as to achieve (2.2) and (2.3). Since Hamiltonian in Eq. (2.2) is ex-
plicitly known, we can alternatively put (1.13) into (1.10) and (1.11), which
are respectively real and imaginary parts, to reach (2.2) and (2.3) too. In the
process, we drop the terms containing factor h¯, the “quantum potential”, i.
e., make hydrodynamic limit, obtaining Hamilton-Jacobi equation (1.1) of the
macroscopic system.
In the following, in each case, as long as Hamiltonian H in Eq. (2.1) is
known, we put the wave function (1.13) into (1.10) and (1.11). Then we follow
the procedure Eqs. (1.1)-(1.7). This our standard routine.
2.2 NKE Schro¨dinger equation
From relativistic quantum mechanics equations, Klein-Gordon equation and
Dirac equation, a free particle can have NKE. For low momentum motion, we
[11] have pointed out that when a particle was in a region where its energy
was less than the potential, it should obey NKE Schro¨dinger equation
ih¯
∂ψ(−)
∂t
= H(−)ψ(−) = (
h¯2
2m
∇2 + V )ψ(−). (2.29)
Hereafter we use a subscript (−) to label the quantities of NKE system, and
(+) to PKE systems.
With Hamiltonian in (2.29), we put Eq. (1.13) into (1.10) to gain continuity
equation, where the expression of the current probability was discussed before
[11].
The wave function (1.13) is put into (1.11) and hydrodynamic limit is
made. After momentum is defined by Eq. (1.4), we achieve the Hamilton-
Jacobi equation of the NKE system.
−
∂S(−)
∂t
= −
1
2m
p2(−) + V. (2.30)
The Hamiltonian is NKE plus potential as the case of QME. Equation (2.30),
similar to the PKE case, is believed to describe the movement of macroscopic
dark bodies. A body is believed dark as long as it is of NKE.
It is seen that whatever a system is of PKE or NKE, the hydrodynamic
limit always leads to Hamilton-Jacobi equation which determimes the move-
ment of macroscopic bodies. Presently, the equations that describe the move-
ment of macroscopic bodies, either PKE or NKE ones, are called macroscopic
mechanics, in short, macromechanics, and the hydrodynamic limit that leads
to macromechanics equations is called macromechanics approximation.
By Eq. (1.5), velocity is
v(−) = −p(−)/m. (2.31)
For a dark body, the directions of its velocity and momentum are opposite to
each other.
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Lagrangian is obtained by Eq. (1.6),
L(−) = −p
2
(−)/2m− V = −mv
2
(−)/2− V. (2.32)
It is NKE minus potential. The Lagrangian is substituted into (1.7) to generate
the equation of motion
−
d
dt
(mv(−)) = −∇V. (2.33)
Compared to (2.9), Eq. (2.33) here has a minus sign on the left hand side.
Thus, if the mass is unchanged, we have
−mv˙(−) = −∇V = f . (2.34)
This can be regarded as “force is the cause of negative acceleration”. Never-
theless, we mention that the original formula is (2.33). By means of (2.31),
Eq. (2.33) is rewritten as
p˙(−) = −∇V = f . (2.35)
This form is exactly the same as that of a PKE body, Eq. (2.11). Therefore,
Newton’s second law still applies to a dark body: the force felt by a dark body
is equal to the rate of change over time of the dark body’s momentum.
Some other conclusions drawn from Eq. (2.11) also stand for a NKE body.
One can also explain Eq. (2.35) reversely: the left hand side can be a cause
and the right hand side is a consequence. Thus Eq. (2.35) has another physical
meaning: the rate of change of a dark body’s momentum equals its force ex-
erting on exterior. This meaning will be utilized below to derive the negative
pressure of a dark ideal gas.
Equation (2.35) also shows that if a dark body is not acted by any force,
then the right hand side is zero. We have p˙(−) = 0. In this case, the momentum
is a constant. That is the law of momentum conservation: if not acted by a
force, a dark body’s momentum is conserved.
It is stressed that one has to calculate the position varying with time by
means of Eq. (2.33).
Suppose that the mass is unchanged. From either Eq. (2.33) or (2.35),
f · dr = −
d(mv(−))
dt
· dr = −
1
2
d(mv2(−)) = dK(−). (2.36)
That is to say, the work done by a force on a dark body converts to its NKE!
Its NKE is conserved if it is not subject to a force.
For a dark body, its kinetic energy is negative. Hence, only a positive
potential is possible to make the total energy reach an equilibrium point to
meet Virial theorem, so that the body can do steady motion. Correspondingly,
it is possible for a NKE body to do steady motion only when it is subject to
a repulsive force. In one word, the case of a NKE body is contrary to that of
a PKE body.
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Now let us consider two-particle systems. If both particles are of NKE,
after the Hamiltonian of the system is put down like Eq. (2.13), the procedure
is the same as those Eqs. (2.14)-(2.23).
We investigate such a case that the first particle is of PKE and the second
one of NKE. The Hamiltonian is
H = −
h¯2
2m1
∇21 +
h¯2
2m2
∇22 + V (r1 − r2). (2.37)
The process (2.14)-(2.23) is still followed. The relations between velocities and
momenta are
r˙1 = v1 =
p1
m1
, r˙2 = v2 = −
p2
m2
. (2.38)
The equations of motion of the two bodies are easily put down.
p˙1 = −∇1V (r1 − r2) = f (2.39a)
and
p˙2 = −∇2V (r1 − r2) = −f . (2.39b)
Every body obeys Newton’s second law. Apparently, Newton’s third law still
applies. If we define a total momentum of the system, p = p1 + p2. Then
p˙ = 0, which is law of momentum conservation.
We put down the kinetic energies of the two bodies.
K1(+) =
1
2
m1v
2
1(+) (2.40a)
and
K2(−) = −
1
2
m2v
2
2(−). (2.40b)
Their sum is the total kinetic energy of the system.
K = K1(+) +K2(−) (2.41)
It follows from Eqs. (2.36), (2.38) and (2.39) that
f · dr1 =
1
2
d(m1v
2
1(+)) = dK1(+) (2.42a)
and
− f · dr2 =
1
2
d(m2v
2
2(+)) = dK2(−) (2.42b)
which results in
dK = dK1(+) + dK2(−) = 0. (2.43)
This is the law of kinetic energy conservation: if an isolated system is not
affected by outside, its total kinetic energy is conserved.
Now assume that a system contains N particles among which M are of
PKE and L = N −M are of NKE. The Hamiltonian of the system is
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H = −
M∑
i=1
h¯2
2mi
∇2i +
N∑
i=M+1
h¯2
2mi
∇2i +
N∑
i<j
Vij(ri − rj). (2.44)
The wave function now is of the form of Eq. (2.25). The procedure is the same
as before. The relations between velocities and momenta are
vi =
pi
mi
, i = 1, . . . ,M ;vi = −
pi
mi
, i =M + 1, . . . , N. (2.45)
The equation of motion of the i-th body is
p˙i =
N∑
k=1,k 6=i
fik (2.46)
where the forces are again defined by Eq. (2.28). Apparently, the force acted
by j-th particle on the i-th one is fij and that acted by i-th particle on the
j-th one is fji = −fij . That is to say, Newton’s third law still applies. If we
define a total momentum of the system, p =
∑N
i=1 pi, it is easily obtained from
Eq. (2.46) that p˙ = 0. This is the law of momentum conservation: if there is
no external force acting on a system, the total momentum of the system does
not change. Following Eqs. (2.40)-(2.43), one gains the law of kinetic energy
conservation: if an isolated system is not affected by outside, its total kinetic
energy is conserved.
The theory above is so-called machoscopic mechanics, or macromechanics.
We turn to discuss the pressure of a NKE gas. A dark ideal gas is of negative
pressure. This conclusion was derived in our previous paper [11] in terms of
statistical mechanics. Here we prove the same coclusion in the viewpoint of
molecular kinetics. In this way, the molecular picture of the negative pressure
is clearer.
Assume that in a container with volume V there is a dark ideal gas com-
posed of N identical molecules each of which is of NKE. The molecular density
is n = NV = n1+n2+ · · ·+ni+ · · · , where ni denotes the number of molecules
with their velocities within vi ∼ vi + dvi. Consider an area dA in a wall that
is at a position of x > 0 and vertical to the x axis. Within time interval dt,
there are nivixdAdt molecules with velocity vi impinging upon the area dA.
These molecules carry momenta −mvixnivixdAdt. The molecules bounce back
from the wall, so that the change of the momenta is −2mniv
2
ixdAdt. The total
momentum change is − 12
∑
imniv
2
ixdAdt. By Eq. (2.35), the change of the
momentum within unit time is the force exerting on the wall, and the force in
unit area is the pressure. Hence, the pressure is
p = −
1
2
∑
i
mniv
2
ix = −mnv
2
x = −
1
3
mnv2. (2.47)
In the last step, the statistical hypothesis v2x = v
2
y = v
2
z = v
2/3 has been
utilized. Hence we arrive at the conclusion that a dark gas produces a negative
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pressure. The key point is that for a dark body, its velocity and its momentum
have opposite directions, as disclosed by Eq. (2.31). The velocity plays a role
to determine the position of the NKE body, while its momentum plays a role
to yield physical effect. Here the physical effect is pressure. It is believed that
our university inflates in an acceleration due to negative pressure [15].
It is easily understood that the total energy of this ideal gas per unit volume
is that
ε = −
1
2
mnv2. (2.48)
Each dark molecule has an average NKE −mv2/2.
The author firmly believe that all the physical laws stand for both PKE
and NKE systems. Indeed, from our previous paper to the present one, we
have not seen any violation of physical laws. The equation of state of an ideal
gas
p = nkBT (2.49)
is also valid for NKE gases. For a dark ideal gas, pressure is negative, so that
temperature is negative. The concept of negative temperature was discussed
[11] in the viewpoint of statistical mechanics. We also have
ε =
3
2
nkBT. (2.50)
This is equipartition theorem of energy in molecular kinetics.
In the view of usual thermodynamics, because every molecule has a PKE,
a gas has its thermal motion, and temperature is a kind of measurement of
this thermal motion.
Similarly, every dark molecule has a NKE, a dark gas composed of dark
molecules is of negative thermal motion, and negative temperature is a kind
of measurement of this negative thermal motion.
2.3 Schro¨dinger equation with a vector potential
In Eq. (2.1) there is a scalar potential. Now a vector potential is added. The
Hamiltonian is
H(+) =
1
2m
(−ih¯∇− qA)2 + V. (2.51)
Here the sign of the charge q is not explicitly assigned. To deal with such a
Hamiltonian, a gauge transformation is helpful [16].
A→ A+∇f, V → V −
∂f
∂t
, (2.52)
where f is an arbitrary function of the coordinates and time. Here we assign
this function to satisfy
∇f = A, (2.53)
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and f is independent of time since the vector A is. We let
ψ(+) = φe
iqf/h¯. (2.54)
Thus, the wave function observes the Hamiltonian in Eq. (2.1), and then the
procedure following (2.1) applies. Therefore, the wave function is transformed
as
ψ(+) = φe
iqf/h¯ = R(+)e
iS/h¯eiqf/h¯ = R(+)e
iS(+)/h¯, (2.55)
where
S(+) = S + qf. (2.56)
Substituting (2.51) and (2.55) into (1.10) leads to
∂ρ
∂t
= −∇ · [
R2(+)∇S(+)
2m
−
q
m
(R2(+)A] (2.57)
This is, as mentioned above, just the continuity equation, where the expression
of the current density is just what was given in quantum mechanics textbooks,
j(+) = −
ih¯
2m
(ψ∗(+)∇ψ(+) − ψ(+)∇ψ
∗
(+))−
q
m
ψ∗(+)ψ(+)A
=
R2(+)∇S(+)
2m
−
q
m
(R2(+)A.
(2.58)
Equations (2.51) and (2.55) are put into (1.11) and macroscopic approxi-
mation is made. After using (1.4), we obtain the Hamilton-Jacobi equation
−
∂S(+)
∂t
=
1
2m
(p(+) − qA)
2 + V. (2.59)
Velocity is evaluated by Eq. (1.5). It follows that
v(+) =
1
m
(p(+) − qA). (2.60)
Lagrangian and equation of motion are derived through Eqs. (1.6) and (1.7),
and they are expressed by momentum. Having the relationship betweem ve-
locity and momentum Eq. (2.60), we replace momentum by velocity so as to
give Hamiltonian, Lagrangian and equation of motion in the familiar forms in
classical mechanics.
H(+) =
m
2
v2(+) + V. (2.61)
L(+) =
m
2
v2(+) + qv(+) ·A− V. (2.62)
Hamiltonian is still kinetic energy plus potential, but Lagrangian is not of the
form of kinetic energy minus potential. The equation of motion is
d
dt
(mv(+)) = qv(+) ×B + q
∂A
∂t
−∇V. (2.63)
If V is an electrostatic potential energy, the last two terms in (2.63) is the
electric field force acting on the charge, and the right hand side of (2.63) is
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Lorentz force. Equations (2.61)-(2.63) have been given in textbooks [17]. Since
we have assumed that the vector potentialA is independent of time, Eq. (2.63)
can be recast to
p˙(+) = qv(+) ×B + q
∂A
∂t
−∇V. (2.64)
2.4 NKE Schro¨dinger equation with a vector potential
In NKE Schro¨dinger equation, the Hamiltonian is [11]
H(−) = −
1
2m
(−ih¯∇− qA)2 + V. (2.65)
The process imitates the last subsection. The wave function is transformed by
ψ(−) = φ(−)e
iqf/h¯ = R(−)e
iS/h¯eiqf/h¯ = R(−)e
iS(−)/h¯. (2.66)
where the function f again obeys (2.53). Substitution of (2.65) and (2.66) into
(1.10) produces continuity equation,
∂ρ(−)
∂t
= −∇ · j(−), (2.67)
where the expression of j(−) is of the same form of (2.58) except that a minus
sign is added. It was pointed out [11] that the current probability of a NKE
system is just contrary to that of a PKE system. Equations (2.65) and (2.66)
are put into (1.11) and macroscopic approximation is made. After using (1.4),
we obtain the Hamilton-Jacobi equation
−
∂S(−)
∂t
= −
1
2m
(p(−) − qA)
2 + V. (2.68)
Velocity is evaluated by Eq. (1.5). It follows that
v(−) = −
1
m
(p(−) − qA). (2.69)
Lagrangian and equation of motion are derived through Eqs. (1.6) and (1.7),
and they are expressed by momentum. With Eq. (2.69), Hamiltonian is ex-
pressed by
H(−) = −
m
2
v2(−) + V. (2.70)
It is NKE plus potential energy. Lagrangian is
L(−) = −
m
2
v2(−) + qv(−) ·A− V. (2.71)
Equation of motion is
−
d
dt
(mv(−)) = qv(−) ×B + q
∂A
∂t
−∇V. (2.72)
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Compared to Eq. (2.63), the right hand sides are the same, but the left hand
sides differ by a minus sign. A force always causes negative acceleration of a
NKE body. Since we have assumed that the vector potential A is independent
of time, Eq. (2.72) can be recast to
p˙(−) = qv(−) ×B + q
∂A
∂t
−∇V. (2.73)
It is of the same form of Eq. (2.64).
3 The hydrodynamic limits of decoupled Klein-Gordon equations
By taking hydrodynamic limit of Klein-Gordon equation, we are able to gain
formulas describing relativistic movement in classical mechanics. The same
process can be carried out for NKE systems. We first consider the cases of free
particles, and then scalar and vector potentials are taken into account. For a
free particle, the original Klein-Gordon equation is
[−h¯2
∂2
∂t2
− (m2c4 − c2h¯2∇2)]ψ = 0. (3.1)
We have stressed [11] that it should be decoupled into PKE and NKE branches.
The equation for a PKE particle is
ih¯
∂ψ(+)
∂t
= H(+)ψ(+). (3.2)
and for a NKE one is
ih¯
∂ψ(−)
∂t
= H(−)ψ(−). (3.3)
where
H(+) = −H(−) =
√
m2c4 − c2h¯2∇2. (3.4)
For the sake of convenience of discussions below, the square root is expanded
as
√
m2c4 − c2h¯2∇2 = mc2
∞∑
n=0
bn∇
2n, (3.5a)
where
b0 = 1, b1 = −
h¯2
2m2c2
, bn =
(2n− 3)!!
2nn!
(
h¯2
m2c2
), n ≥ 2. (3.5b)
Macromechanics and two-body problems 17
3.1 A PKE free particle
The Hamiltonian is H(+) in Eq. (3.4). The wave function in Eq. (3.2) is written
in the form of (1.13). Then, from Eq. (1.10), continuity equation is obtained,
∂ρ(+)
∂t
= −∇ · j(+), (3.6)
where the expression of current probability j(+) has been given before [11].
Equation (1.11) now manifests
− 2R2(+)
∂S(+)
∂t
= ψ∗(+)
√
m2c4 − c2h¯2∇2ψ(+) + ψ(+)
√
m2c4 − c2h¯2∇2ψ∗(+).
(3.7)
In (3.7) there are infinite terms after the expansion (3.5). Let us inspect the
term of the n-th order,
h¯2n∇2nψ = h¯2n∇2n(ReiS/h¯). (3.8)
On the right hand side, the actions of gradient operators produce many terms.
Among them only one, i2nR(∇S)2n, does not contain h¯, and any other term
contains a factor of powers of h¯. When we do hydrodynamic limit, all the terms
containing powers of h¯ are dropped. As a result, from (3.7) Hamilton-Jacobi
equation describing a relativistic body is as follows:
−
∂S(+)
∂t
=
√
m2c4 + c2(∇S(+))2. (3.9)
Hamiltonian of the system is
H(+) =
√
m2c4 + c2p2(+) = E(+). (3.10)
This is just the energy of a PKE free relativistic particle. Velocity is evaluated
by Eq. (1.4) to be
v(+) =
c2
E(+)
p(+). (3.11)
Velocity is always less than momentum divided by mass. Inversely, the mo-
mentum can be expressed by velocity
p(+) =
mv(+)√
1− v2(+)/c
2
. (3.12)
Lagrangian is obtained from Eq. (1.5),
L(+) = −
mc2√
m2c4 + c2p2(+)
= −mc2
√
1− v2(+)/c
2. (3.13)
The equation of motion is p˙(+) = 0, for the particle is free. In terms of velocity,
the energy is
E(+) =
mc2√
1− v2(+)/c
2
. (3.14)
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3.2 A NKE free particle
The Hamiltonian isH(−) in Eq. (3.4). The process is the same as subsection 3.1.
The current probability of a NKE system was given in the author’s previous
paper [11]. We merely put down the final results derived from Eq. (1.11). The
relationship between velocity and momentum is
v(−) =
c2
E(−)
p(−). (3.15)
Please notice that since the energy is negative, the directions of velocity and
momentum are opposite to each other, which determines that a relativistic
NKE gas produces a negative pressure, see below. Hamiltonian and Lagrangian
are respectively
H(−) = −
√
m2c4 + c2p2(−) = −
mc2√
1− v2(−)/c
2
. (3.16)
and
L(−) =
mc2√
m2c4 + c2p2(−)
= mc2
√
1− v2(−)/c
2. (3.17)
Each one has a minus sign compared to corresponding formula of a PKE
particle.
In the end of subsection 2.2, we derived the pressure of an ideal gas com-
posed of low momentum NKE molecules, which was just the contrary number
of that of a PKE ideal gas, see Eq. (2.47). Now we derive the pressure of a rela-
tivistic NKE gas in the same way. Within time interval dt, there are nivixdAdt
molecules with velocity impinging on an area dA on a wall. These molecules
carry momentum −
E(−)
c2 niv
2
ixdAdt. They bounce back from the wall, so that
the change of the momentum is 2
E(−)
c2 niv
2
ixdAdt. The total momentum change
of molecules with all possible velocities is 12
∑
i 2
E(−)
c2 niv
2
ixdAdt. When divided
by time dt, it is the force acting on the wall during this time, and the pressure
is the force in unit area. Therefore, the pressure is
p =
∑
i
E(−)
c2
niv
2
ix =
n
c2
E(−)v2x = −
mn
3
(
v2√
1− v2/c2
). (3.18)
This is just the contrary number of the pressure of a relativistic PKE gas, see
Eq. (35.9) in Landau’s textbook [17].
Here we like to ask a question. There are two fundamental relativistic quan-
tum mechanics equations: Klein-Gordon equation and Dirac equation. We have
made macroscopic approximation from decoupled Klein-Gordon equations so
as to achieve formulas in macroscopic mechanics. Is it possible to do the same
thing from Dirac equation? The answer is no. The reason is that Dirac equa-
tion applies to particles with spin 1/2. On one hand, there must be Planck
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constant h¯ as the unit of a spin. When taking macroscopic approximation, we
let h¯ → 0. That is to say, the information of spin is eliminated. On the other
hand, Dirac equation manifests spin in terms of the form of spinors. The spinor
form representing spin cannot be removed by taking hydrodynamic limit. So,
there will be a contradiction when one tries to make macroscopic approxi-
mation from Dirac equation. It fails to achieve macromechanics from Dirac
equation. Substantially, for macroscopic bodies, there is no spin as an intrinsic
property.
3.3 PKE case with scalar and vector potentials
Now we add potentials into Klein-Gordon equation. First, we discuss the case
where there is only a scalar potential. Klein-Gordon equation is
[(ih¯
∂
∂t
− V )2 − (m2m4 − c2h¯2∇2)]ψ = 0. (3.19)
We have stressed that to deal with PKE and NKE branches separately, de-
coupled Klein-Gordon equation should be used. The obvious form is that
(ih¯
∂
∂t
− V +H0)(ih¯
∂
∂t
− V −H0)ψ = 0, (3.20)
where H0 is just H(+) in Eq. (3.4). The problem is that the right hand sides
of (3.19) and (3.20) are actually not the same. They differ by
H0V ψ − V H0ψ. (3.21)
This is not zero unless the potential V is piecewise constant. H0 is expanded
by Eq. (3.5). In each order, there are many terms, just as (3.8). It is easily seen
that every term contains a factor of powers of Planck constant h¯. They can
certainly be dropped when we take hydrodynamic limit h¯→ 0. The conclusion
is that Eq. (3.20) can be discarded.
When there is a vector potential, we have to consider PKE and NKE cases
separately.
The Hamiltonian of a PKE particle is
H(+) =
√
m2c4 + c2(−ih¯∇− qA)2 + V. (3.22)
When Hamiltonian (3.21) is substituted into (1.8), this equation was first
suggested by Scalpter [18], so that it is usually called Scalpter equation [19,
20]. Here we call it PKE decoupled Klein-Gordon equation, because we think
there is another one, NKE decoupled Klein-Gordon equation the Hamiltonian
of which is (3.31) below.
The wave function is taken the form of Eq. (2.55). When Eqs. (2.55) and
(3.21) are substituted into (1.10), continuity equation is obtained, where the
current probability j(ψ(+)) is to be determined by
− ih¯∇ · j(ψ(+)) = ψ
∗
(+)
√
m2c4 + c2(−ih¯∇− qA)2ψ(+)
− ψ(+)
√
m2c4 + c2(−ih¯∇− qA)2ψ∗(+).
(3.23)
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The expression of j(ψ(+)) contains infinite terms, each being complicated. We
have given a method how to calculated each term before [11].
After Eqs. (2.55) and (3.22) are put into (1.11) and hydrodynamic limit is
made, the achieved Hamiltonian-Jacobi equation is
−
∂S(+)
∂t
=
√
m2c4 + c2(∇S(+) − qA)2 + V. (3.24)
Thus, by Eq. (1.4), the Hamiltonian of a macroscopic body is
H(+) =
√
m2c4 + c2(p(+) − qA)2 + V. (3.25)
According to Eq. (1.5), the relationship between velocity and momentum is
v(+) =
c2(p(+) − qA)√
m2c4 + c2(p(+) − qA)2
. (3.26)
Lagrangian is evaluated by Eq. (1.6):
L(+) =
−m2c4 + c2q(p(+) − qA) ·A√
m2c4 + c2(p(+) − qA)2
− V. (3.27)
Hamiltonian and Lagrangian are expressed by velocity:
H(+) =
mc2√
1− v2(+)/c
2
+ V. (3.28)
and
L(+) = −mc
2
√
1− v2(+)/c
2 + qv(+) ·A− V. (3.29)
Finally, the equation of motion is derived from Eqs. (1.7),
d
dt
mv(+)√
1− v2(+)/c
2
= qv(+) ×B + q
∂A
∂t
−∇V. (3.30)
Equations (3.27)-(3.29) have been given in textbooks [17]. Since we have as-
sumed that vector potential A is independent of time, the left hand side of
Eq. (3.30) can again be written as p˙(+).
3.4 NKE case with scalar and vector potentials
The Hamiltonian of a NKE particle is
H(−) =
√
m2c4 + c2(−ih¯∇− qA)2 + V. (3.31)
Wave function is taken the form of Eq. (2.66). The process is the same as
subsection 3.3. The expression of current probability j(ψ(−)) of a NKE system
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is just−j(ψ(+)) the latter being determined by Eq. (3.23). We merely put down
the final results derived from Eq. (1.11).
The relationship between velocity and momentum is
v(−) =
c2(p(−) − qA)√
m2c4 + c2(p(−) − qA)2
. (3.32)
Hamiltonian and Lagrangian are respectively
H(−) =
√
m2c4 + c2(p(−) − qA)2 + V = −
mc2√
1− v2(−)/c
2
+ V (3.33)
and
L(−) =
m2c4 − c2(p(−) − qA) ·A√
m2c4 + c2(p(−) − qA)2
= mc2
√
1− v2(−)/c
2 + qv(−) ·A− V.
(3.34)
The equation of motion is
−
d
dt
mv(−)√
1− v2(−)/c
2
= qv(−) ×B + q
∂A
∂t
−∇V. (3.35)
Since we have assumed that vector potential A is independent of time, the left
hand side of Eq. (3.35) can again be written as p˙(−).
4 Two-body problems
4.1 Macroscopic systems
The observable world exhibits that a great amount of PKE particles can,
by interactions between them, compose a macroscopic body which is still of
PKE. The PKE body follows classical mechanics, the fundamental formalism
of which can be derived from QMEs as shown by subsections 2.1, 2.3, 3.1 and
3.3.
Similarly, it is believed that a great amount of NKE particles can also,
by interactions between them, compose a macroscopic dark body. It is dark
because it is of NKE. The NKE body follows macromechanics, the fundamental
formalism of which were derived from QMEs as shown by subsections 2.2, 2.4,
3.2 and 3.4.
More than one body can constitute a system due to interaction between
them. The most obvious interaction is the universal gravity. There can be other
interactions such as electrostatic force when the bodies are charged.
If the number of constituent bodies are few, the investigation of their move-
ment is so-called few-body problem. The simplest case is two-body problem.
The skill of treating two-body problem has been sophisticated. Here we
mean that the two constituent bodies are usual PKE ones. Now that we have
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been aware of that there can be macroscopic NKE bodies, the constituent two
bodies can be PKE and NKE ones or both NKE ones.
We first briefly retrospect the treatment of PKE two-body problem. Then
we investigate other cases.
4.1.1 Both bodies are of PKE or NKE
Two bodies have masses m1 and m2, respectively. The interaction between
them is f(r1 − r2). We copy Eqs. (2.18) here:
m1r¨1 = f(r1 − r2),m2r¨2 = −f(r1 − r2). (4.1)
After a relative radius vector r1 − r2 = r is defined, it follows from Eq. (4.1)
that
µr¨ = f(r), (4.2)
where
µ =
m1m2
m1 +m2
. (4.3)
is called reduced mass [12]. Its feature is that it is always less than bothm1 and
m2. Equation (4.2) manifests that a body with the reduced mass, hereafter
called reduced body in short, moves subject to the force between the two
constituent bodies, and the original position of the force can be any point in
space although usually set as the origin of coordinates. Please note that the
reduced body is of PKE, so that it can be in a steady movement only when it
is subject to an attractive force, as discussed below Eq. (2.11).
If we define
m1r1 +m2r2 =MR, (4.4)
Eq. (4.1) can also turn to be
MR¨ = 0. (4.5)
This equation means that a mass M is doing free motion in space. It is em-
phasized that the M and R in (4.4) have not been explicitly defined. If one
of them is explicitly defined, the other is either. In customary, M is set as
the sum of the masses of the two constituent bodies, and consequently, R is
the coordinate of the mass center of the two bodies. As a matter of fact, M
can also be any other mass, and correspondingly, R can be a shift from mass
center.
The position of the mass center is in between the two bodies and on the
line connecting them. Taking mass center coordinate as the origin, the so-
called center-of-mass frame, is most convenient because in this system the
total momentum is zero, which facilitates evaluation of physical quantities.
For the sake of simplicity, let us assume that the reduced body is doing
circular motion with angular velocity ω around the mass center which is set
as the origin. Then the distances between the mass center and the bodies are
respectively r1 and r2, r1+ r2 = R. Their ratio is r1 : r2 = m2 : m1. This ratio
can also be obtained by setting R = 0 in (4.4). The rotational kinetic energies
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of the two bodies are T1 =
1
2m1r
2
1ω
2 and T2 =
1
2m2r
2
2ω
2, respectively. The
sum of them is that of the reduced body, T1+T2 =
1
2µr
2ω2, and their ratio is
T1 : T2 = m2 : m1.
We are aware of that although the ratio r1 : r2 is given, the explicit values
of r1 and r2 are not uniquely determined. They are to be determined by initial
conditions.
We turn to the case where the two constituent bodies are of NKE. Their
equations of motion, following Eq. (2.34), are
−m1r¨1 = f(r1 − r2),−m2r¨2 = −f(r1 − r2). (4.6)
After a relative radius vector r1 − r2 = r is defined, Eq. (4.6) is combined to
be
− µr¨ = f(r), (4.7)
where the reduced mass (4.3) is used. Comparison of Eq. (4.6) to (4.2) discloses
that the reduced body is still of NKE. We have pointed out that a NKE body
can do steady motion only when it is subject to a repulsive force. It is obvious
that as long as we set f = −f ′ in Eqs. (4.6) and (4.7), then their forms
become exactly the same as (4.1) and (4.2). Therefore, the treatment can
copy the procedure of PKE two-body problem. For example, if it is supposed
that the reduced body is doing circular motion, then the ratio of the rotational
kinetic energies of the two NKE bodies is T1 : T2 = m2 : m1.
4.1.2 One PKE and one NKE bodies
One body with mass m1 is of PKE and the other with mass m2 is of NKE.
Equations (2.39) are copied here:
m1r¨1 = V (r1 − r2) (4.8)
and
−m2r¨2 = −V (r1 − r2). (4.9)
When the two masses are equal, m1 = m2, there is only one equation. In the
following, we merely investigate the cases of m1 6= m2.
After a relative radius vector r1 − r2 = r is defined, Eqs. (4.8) and (4.9)
combine to be
m1m2
m2 −m1
r¨ = f(r). (4.10)
We define a “reduced mass” of this system as follows:
µ =
m1m2
|m2 −m1|
. (4.11)
If we define
m1r1 −m2r2 =MR. (4.12)
the sum of Eqs. (4.8) and (4.9) gives
MR¨ = 0. (4.13)
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Similar to Eq. (4.5), Eq. (4.13) manifests that a mass M is doing free motion
in space. Note that the M and R in (4.13) have not been explicitly defined. As
a simplest case, one can set M = m2 −m1.
In the following, we investigate two cases with m1 < m2 and m1 > m2
separately.
(1) m1 < m2
In this case, Eq. (4.10) is rewritten as
µr¨ = f(r). (4.14)
This is the equation of motion of a PKE body. That is to say, the reduced
body is of PKE. It can do steady motion if subject to an attractive force.
Therefore, in such a system, the net force between the two bodies should be
attractive. The primary candidate is universal gravity.
The feature of the reduced mass (4.11) is that it is always greater than m1:
µ > m1. Its relation with m2 depends on the latter: as m2 < 2m1, µ > m2; as
m2 = 2m1, µ = m2; as m2 > 2m1, m1 < µ < m2. When m1 ≪ m2, µ ≈ m1.
For the sake of simplicity, we assume that the force between them is uni-
versal gravity, and the “reduced body” is doing circular motion around the
origin with angular velocity ω. By Eq. (4.14), the value of the ω is
ω =
√
G(m2 −m1)
r3/2
. (4.15)
where G is the gravitational constant. The kinetic, potential and total energies
of the reduced body are respectively
T =
1
2
µr2ω2 =
Gm1m2
2r
, (4.16)
U = −
Gm1m2
r
(4.17)
and
E = T + U = −
Gm1m2
2r
. (4.18)
Let us find the position of the “mass center“. Apparently, both bodies should
do circular motion around the mass center, and the angular velocity of them
is the same as that of the reduced body. The mass center taken as the origin,
the distances of the bodies to the origin are r1 and r2, respectively. The force
between them determines that
m1r1ω
2 =
Gm1m2
r2
= m2r2ω
2. (4.19)
Thus, the distance ratio is
r1
r2
=
m2
m1
. (4.20)
This ratio can also be gained by taking R = 0 in Eq. (4.12).
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Now m1 is of PKE and m2 is of NKE. The sum of their kinetic energies is
the PKE of the reduced body.
T1 + T2 =
1
2
m1r
2
1ω
2 −
1
2
m2r
2
2ω
2 =
1
2
µr2ω2. (4.21)
Combination of Eqs. (4.20) and (4.21) results in
r1 =
m2
m2 −m1
, r2 =
m2
m2 −m1
. (4.22)
Subsequently,
r1 − r2 = r. (4.23)
This reveals that the mass center is still on the line connecting the two bodies,
but not in between them. It is on the outside of the dark body.
The ratio of the absolute values of their kinetic energies is
|T1| : |T2| = m2 : m1. (4.24)
The physical picture of the movement of the two bodies can be outlined.
They do circular motion around the mass center in the same radial direction.
The radius of body m1 is larger and that of m2, as shown by Eq. (4.20). The
absolute value of kinetic energy ofm1 is greater and that ofm2 is less, as shown
by (4.24). The closer the values of m1 and m2, the closer their radii, and the
farther the mass center position. Consequently, the absolute values of their
kinetic energies and the total kinetic energy become greater. As m2 → m1,
r2 → r1. The case of m1 = m2 is impossible because they stick together but
the total kinetic energy would become infinite.
The line speeds of the two bodies are respectively v1 = r1ω and v2 = r2ω.
They move along the same angular direction, i. e., v1 and v2 have the same
direction. However, their momenta have opposite directions. According to Eqs.
(2.6) and (2.31), their momenta are respectively
p1 = m1v1, (4.25)
and
p2 = −m2v2 = −p1. (4.26)
In the mass-center frame, the total momentum is zero.
Please note again that although the ratio r1 : r2 is given, the explicit values
of r1 and r2 are not known, but to be determined by initial conditions.
According to this result, if a body or a galaxy moves around a center, there
can be nothing in the center, as long as a dark body or a dark galaxy with a
greater mass but smaller radius also moves around the center synchronously.
The above discussion takes a simplest model: circular motion, where the
distance between the two bodies is fixed. In reality, the orbitals of celestial
bodies are generally elliptical. Then the distance between the two bodies will
vary periodically.
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(2) m1 > m2
In this case, Eq. (4.10) is rewritten as
− µr¨ = f(r). (4.27)
The reduced mass is still defined by (4.11). Its feature is that it is always
greater than m2, m2 < 2m1. As m2 < µ, µ > m1; as m1 = 2m2, µ = m1; as
m1 > 2m2, µ < m1.
Equation (4.27) describes the motion of a NKE body. It has been discussed
that a NKE body is in a steady movement only when it is subject to a repulsive
force. Therefore, in this case the net force between the two bodies should be
repulsive. Under a net attractive force the system cannot be stable.
The universal gravity always exists. There should be repulsive forces be-
tween them, and they are numerically greater than universal gravity. A possible
case is that they have the same kind of electric charges and the electrostatic
repulsive force is greater than universal gravity. The dark body has to be con-
stituted by charged particles with NKE. The body m1 with PKE should also
be charged. A possible candidate is a charged black hole.
For the time being, we are content with describing some qualitative behav-
iors of the systems.
The mass center position is on the line connecting the two bodied, but not
in between, and it is at the outside of the m1 side. The sum of the PKE of
m1 and NKE of m2 is the NKE of the reduce mass. If both bodies do circular
motion around the mass center, the radius of the dark body m2 is greater
than that of body m1. The absolute value of kinetic energy of m1 is less than
that of m2. The closer the values of m1 and m2, the closer their radii, and the
farther the mass center position. Consequently, the absolute values of their
kinetic energies and the total kinetic energy become greater. As m1 → m2,
r1 → r2. The case of m1 = m2 is impossible because they stick together but
the total kinetic energy would become infinite.
They move along the same angular direction, i. e., v1 and v2 have the same
direction. However, their momenta p1 and p2 have opposite directions. In the
mass-center frame, the total momentum is zero.
We list in Table 1 four possible cases of stable two-body systems. We usu-
ally see Case I: PKE celestial bodies combine together due to universal gravity
between them.
Table 1. Four possible cases of a stable system composed of a visible body
with massm1 and a dark body with massm2. Two reduced masses are defined
by µ± =
m1m2
|m1±m2|
.
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Case
Interaction
KE KE Reduced mass between the two
of m1 of m2 and its KE bodies that makes
the system stable
I PKE PKE µ+, PKE Attraction
II
PKE NKE
µ−, PKE Attractionm1 < m2
III
PKE NKE
µ−, NKE Repulsionm1 > m2
IV NKE NKE µ+, NKE Repulsion
By the way let us have some words about the topic related to the hypothe-
sized star named Nemesis regarded as a companion of the sun. In 1984, Raup
and Sepkoski claimed that they had identified a statistical periodicity in ex-
tinction rates of species on the surface of the earth over the last 250 million
years [21]. The average time interval between extinction events was determined
as 26 million years. The extinction period was further investigated later [22,23,
?]. It was guessed that the cause of the extinction events were probably related
to extraterrestrial forces [21]. Possible mechanics were proposed to explain the
reasons of the extraterrestrial forces [26,27,28,29,30]. One of them was that
the sun had a companion [27]. The solar companion star was named as Neme-
sis. However, it has not been observed. Some investigations [23,24] thought
that the assumed orbital of Nemesis was difficult to explain the periodicity of
the extinction events.
The author thinks that there may be such a companion for the sun. Since we
have known in the present work that dark macroscopic bodies can exist in the
universe, the solar companion is probably a dark one so that it is not observable
to us. For the sake of convenience of discussion, presently, this companion is
named dark Nemesis. It is conjectured that dark Nemesis is also moving around
the center of our galaxy. Because the sun and dark Nemesis connect together
by universal gravity, it should be Case II in Table 1. According to discussion
above, the mass of dark Nemesis denoted by MNem, is larger than that of
the sun MSun and dark Nemesis is closer to the galaxy center. The distance
between the sun and the galaxy center is about tens of thousands l.y, and that
between the sun and Nemesis is about one l.y or so. Thus, by Eq. (4.20) it
is estimated that MNem−MSunMSun ∼ 10
−4. That is to say, their masses are quite
close to each other. Since the distance between the sun and Nemesis varies
with a period about 26 million years, we further conjecture that dark Nemesis
has its dark companion. They compose a system, called dark Nemesis system.
However, in this system, both objects are dark, which should be Case IV in
Table 1. That is to say, the net force between them is repulsive. A possible way
is that both of them carry charges of the same kind. In this way, the distance
of the sun and dark Nemesis can vary with time periodically, and the period
can be tuned to match the value of 26 million years. Of cause this merely a
reasonable conjecture for the unseen Nemesis.
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4.2 Microscopic systems
Now we investigate two interactive microscopic particles. One PKE particle
has mass m1 and the other is of NKE with mass m2. The Hamiltonian was
written by Eq. (2.37). After r1− r2 = r and m1r1−m2r2 =MR are defined,
Eq. (2.37) is transformed to be
H = Hµ +HM , (4.28)
where
Hµ = −
h¯2(m2 −m1)
2m1m2
∇2r + V (r) (4.29)
and
HM = −
h¯2(m1 −m2)
2m1m2
∇2
R
. (4.30)
Apparently, the wave function of (4.28) is in the form of
ψ(r,R) = χ(r)ξ(R). (4.31)
The factor ξ(R) is the eigenfunction of HM , representing the free motion of a
particle with mass |m1−m2|M2 . When m1 > m2, this is a PKE particle, and when
m1 < m2 a NKE one.
The factor χ(r) is the eigen function of Hµ. The reduced mass µ is defined
by Eq. (4.11). When m1 < m2, this reduced mass is of PKE. Only when V (r)
is an attractive potential can make the two-body system be a stable one. When
m1 > m2, the reduced mass µ is of NKE. Then only when V (r) is a repulsive
potential can make the system be a stable one.
In short, if the mass m2 of the dark body is larger, the two-body system
is a PKE one, and an attractive potential between them can make the system
be stable. While if m2 is smaller, it is a NKE system, and a repulsive potential
between them can make the system stable. This conclusion is in agreement
with that of macroscopic two-body systems. For microscopic particles, there
can indeed be a repulsive interaction between the two particles: they carry
same kind of electric charge.
A simplest example is a system composed of a proton and an electron. In
Table 2, hydrogen and three possible cases are listed.
The dark hydrogen atom and dark combo hydrogen atom cannot be ob-
served by us because of their NKE. The combo hydrogen atom is of PKE, so
that its spectrum, if there is, can be observed by us. If the wave number of
a spectral line of hydrogen atom is ν˜, then that of the combo hydrogen line
should be 1+m/M1−m/M ν˜. There is a slight blue shift. The author suggests to look
for such lines in celestial spectra. Of cause, when one observes such spectra
form a celestial body, the possible red shift due to its going away from the
earth should be taken into account.
Table 2. Hydrogen and three possible cases of a stable system composed
of a proton and an electron. The electric charge q can be either positive or
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negative. The masses of proton and electron are respectively m and M . Two
reduced masses are defined by µ± =
m
1±m/M .
KE and KE and Reduced
charge charge mass and Name
of proton of electron its KE
PKE, q PKE, −q µ+, PKE H (Hydrogen atom)
PKE, q NKE, −q µ−, PKE Combo H
PKE, q NKE, q µ−, NKE Dark combo H
NKE, q NKE, q µ+, NKE Dark H
5 Elastic collision of two bodies
We consider elastic collisions between two bodies.
When both bodies are of PKE, the case has been fully researched [12].
When both are of NKE, the case can be investigate almost the same as that
of two PKE bodies.
Here we study the case that one with mass m1 is of PKE and the other
with mass m2 is of NKE. They move along the x axis before and after the
collision.
It is assumed that before collision, m1 is at x < 0 and m2 is at x > 0.
Before collision, the velocity and momentum of m1 are respectively v10 and
p10, and those ofm2 are respectively v20 and p20. After collision, the quantities
are denoted by the same symbols with the subscript 0 removed.
By the discussion in subsection 2.2, in the process of collision both the
total kinetic energy and total momentum are conserved. Hence, we have
1
2m1
p210 −
1
2m2
p220 =
1
2m1
p21 −
1
2m2
p22 (5.1)
and
p10 + p20 = p1 + p2. (5.2)
The reduced mass is defined by Eq. (4.11). We have to distinguish two cases
of m1 < m2 and m1 > m2.
5.1 The NKE body has a larger mass than the PKE body
In this case, m1 < m2. It is solved from Eqs. (5.1) and (5.2) that
p1 = µ[−
1
m2
(p10 + p20)± (
p10
m1
+
p20
m2
)] (5.3)
and then p2 is solved from Eq. (5.2). In Eq. (5.3) there are two possible solu-
tions. One is always such that p1 = p10 and p2 = p20. This means that after
collision each body goes through the other and continues its moving, which
is unreasonable and is excluded. In each case listed in the following, only the
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reasonable solution is discussed.
(1) Head-on collision
Before collision, m1 moves rightward and m2 moves leftward: v10 > 0,
p10 > 0, v20 → −v20 < 0, and p20 > 0. In this case, the physically reasonable
solution in Eq. (5.3) is that
p1 = −µ[(
1
m1
+
1
m2
) +
2p20
m2
] < 0 (5.4a)
and
p2 =
2µ
m1
p1 + (1 +
2µ
m2
)p20 > p20. (5.4b)
After collision, m1 moves leftward with a momentum greater than that before
collision and m2 continue to move leftward with a greater momentum. Since
they move in the same direction, it is required that |v1| > |v2|. It is so because
the evaluation is |v1| − |v2| = v10 + v20.
An extreme case is that as m1 ≪ m2 and µ ≈ m1, v1 ≈ −v10 − 2v20,
v2 ≈ v20. The larger mass keeps its velocity almost unchanged and the smaller
mass gains velocity, a slingshot effect.
If a celestial body changes its moving direction rapidly, it probably collides
a dark body.
(2) Following collision rightward
Before collision, both m1 and m2 move rightward: v10 > 0, p10 > 0, v20 >
0 and p20 → −p20 < 0. In order for the collision to occur, it is required
that v10 > v20. In Eqs. (5.2) and (5.3), p20 → −p20 is manipulated, and the
physically reasonable solution is that
p1 = µ[−(
1
m1
+
1
m2
)p10 +
2p20
m2
] (5.5a)
and
p2 =
2µ
m1
p10 − (1 +
2µ
m2
)p20. (5.5b)
What are the moving directions of m1 and m2 after collision depends on their
initial velocities v10 and v20.
(3) Following collision leftward
Before collision, both m1 and m2 move leftward: v10 → −v10 < 0, p10 →
−p10 < 0, v20 → −v20 < 0 and p20 > 0. In order for the collision to occur, it
is required that v10 < v20. In Eqs. (5.2) and (5.3), p10 → −p10 is manipulated,
and the physically reasonable solution is that
p1 = µ[(
1
m1
+
1
m2
)p10 −
2µ
m2
p20 (5.6a)
and
p2 = −
2µ
m1
p10 + (1 +
2µ
m2
)p20. (5.6b)
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What are the moving directions of m1 and m2 after collision depends on their
initial velocities v10 and v20.
5.2 The PKE body has a larger mass than the NKE body
In this case, m1 > m2. It is solved from Eqs. (5.1) and (5.2) that
p1 = µ[
1
m2
(p10 + p20)± (
p10
m1
+
p20
m2
)]. (5.7)
and then p2 is solved from Eq. (5.2). In Eq. (5.7) there are two possible solu-
tions. One is always such that p1 = p10 and p2 = p20, which is excluded. In
each case listed below, only the reasonable solution is discussed.
(1) Head-on collision
Before collision, m1 moves rightward and m2 moves leftward: v10 > 0,
p10 > 0, v20 → −v20 < 0 and p20 > 0. In this case, the physically reasonable
solution in Eq. (5.7) is that
p1 = µ[(
1
m1
+
1
m2
)p10 +
2p20
m2
] > 0 (5.8a)
and
p2 = −
2µ
m1
p10 − (
2µ
m2
− 1)p20 < −p20. (5.8b)
After collision, both m1 and m2 move rightward, and the velocity of is m2
greater than that before collision. Since they move in the same direction, it is
required that v1 < v2. It is so because the evaluation is v1−v2 = −v10−v20 < 0.
An extreme case is that asm1 ≫ m2 and µ ≈ m2, v1 ≈ v10, v2 ≈ v20+2v10.
The larger mass keeps its velocity almost unchanged and the smaller mass gains
velocity, a slingshot effect.
(2) Following collision rightward
Before collision, both m1 and m2 move rightward: v10 > 0, p10 > 0, v20 >
0 and p20 → −p20 < 0. In order for the collision to occur, it is required
that v10 > v20. In Eqs. (5.2) and (5.7), p20 → −p20 is manipulated, and the
physically reasonable solution is that
p1 = µ[(
1
m1
+
1
m2
)p10 −
2µ
m2
p20 (5.9a)
and
p2 = −
2µ
m1
p10 + (
2µ
m2
− 1)p20. (5.9b)
What are the moving directions of m1 and m2 after collision depends on their
initial velocities v10 and v20.
(3) Following collision leftward
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Before collision, both m1 and m2 move leftward: v10 → −v10 < 0, p10 →
−p10 < 0, v20 → −v20 < 0 and p20 > 0. In order for the collision to occur, it
is required that v10 < v20. In Eqs. (5.2) and (5.7), p10 → −p10 is manipulated,
and the physically reasonable solution is that
p1 = −µ[(
1
m1
+
1
m2
)p10 +
2µ
m2
p20 (5.10a)
and
p2 =
2µ
m1
p10 − (
2µ
m2
− 1)p20. (5.10b)
What are the moving directions of m1 and m2 after collision depends on their
initial velocities v10 and v20.
6 Conclusions
The equations of motion (EOM) of macroscopic bodies are derived from quan-
tum mechanics equations.
In doing so, hydrodynamic limits are taken. From Schro¨dinger equation, all
the content of Newtonian mechanics, including Newton’s three laws of motion,
are derived. From decoupled Klein-Gordon equation, the EOM of relativistic
motion in special relativity are retrieved. These are for PKE systems. From
NKE Schrodinger equation and NKE decoupled Klein-Gordon equation, the
EOM for macroscopic NKE bodies in low momentum and relativistic motions
are obtained.
NKE bodies are believed dark bodies. A unique feature is that for a dark
body, its velocity and momentum have opposite directions. For dark bodies,
Newton’s three laws of motion still apply.
The laws of momentum conservation and total kinetic energy conservation
are still valid. Explicitly, suppose a system is composed ofN interactive bodies,
among which a part is of PKE and the remainings are of NKE. If this system
is not acted by forces from outside, the total momentum and total kinetic
energy of the system are conserved.
In one word, all the known laws in physics remain unchanged.
The achieved mechanical EOM are collectively called macroscopic mechan-
ics, in short macromechanics.
For a dark ideal gas, the pressure is negative, which is proved in viewpoint
of molecular kinetics. The key point is that for a dark molecule, its velocity
vector and momentum vector are antiparallel to each other. The velocity plays
a role to determine its position in space, while its momentum plays a role
yielding physical effect. Here the physical effect is pressure.
Two-body problems are studied. If both bodies are dark, the system can
be investigated by mimicking that of a system composed of two PKE bodies.
If one with mass m1 is of PKE and the other with mass m2 is of NKE, the
reduced mass is defined by µ = m1m2|m2−m1| , and the mass center is on the line
connecting the two bodies but not in between. If m1 < m2 (m1 > m2), the
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reduced body is of PKE (NKE), and only a net attractive (repulsive) force
between them can make a stable system.
The two-body system containing one PKE and one NKE particles is also
researched by means of low momentum quantum mechanics. A NKE proton
and a PKE electron can constitute a stable system by the attractive electric
potential between them, which is called combo hydrogen atom. Its spectral
lines are those of a hydrogen atom multiplied by a factor 1+m/M1−m/M , where M
and m are the masses of the proton and electron, respectively. That is to
say, they have blue shifts compared to hydrogen spectral lines. The author
suggests to seek for such lines in celestial spectra. Therefore, we provide a
way to detect possible dark matter. Following this thinking, it is possible to
calculate the spectra of more PKE systems composed of some PKE and some
NKE particles, and then to seek for corresponding lines in celestial spectra.
Elastic collisions between two bodies are studied. The results provide us
at least one clue to seek for the evidence of celestial dark bodies: if a celestial
body changes its moving direction rapidly, it probably collides a dark body.
The author thinks that there are two possible ways to detect dark matter.
One is to observe PKE systems composed of PKE and NKE particles. The
calculated combo hydrogen atom is a first example. The other way is to probe
the interaction between PKE bodies (particles) and NKE bodies (particles).
The two-body elastic collision give an simplest example. The author believes
that there will be more examples in both ways.
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